We investigate the appearance of cusp structures in single-particle momentum distributions for processes leading to three-body continuum states. We discuss under which circumstances these structures are produced, and identify some of their properties by means of a final-state interaction theory. Finally, we show how they change with the relative mass ratios of the three particles in the final state.
Introduction
A kinematically complete description of a three-body continuum state resulting from any given process would not require the knowledge of all its variables, since many of them can be determined from conservation and symmetry relations. However, a so-called kinematically complete experiment represents a formidably difficult task, due to the multiplicity of data to be measured simultaneously and the small number of events for each combination of them, which is why the overwhelming majority of experimental techniques analyse one of the particles in the final state. Although these techniques provide only a partial insight into the process that led to that particular three-body configuration, the corresponding distributions display additional structures that are washed out by integration when total probabilities are evaluated.
Let us consider, for instance, an ionization process in ion-atom collisions. For many decades, research in this area was mainly devoted to total cross sections or to the energy and angular distributions of the ejected electrons (see, for instance, the review papers by Rudd et al (1992) and Stolterfoht et al (1997) ). The first measurements of the corresponding double differential cross sections revealed a conspicuous cusp-shaped peak when the electron velocity matches that of the projectile in the forward direction (Salin 1969 , Crooks and Rudd 1970 , Macek 1970 ). In the case of outgoing 'charged' projectiles, this 'electron capture to 4 Also member of the Consejo Nacional de Investigaciones Científicas y Técnicas, Argentina. 5 Comisión Nacional de Energía Atómica and Universidad Nacional de Cuyo, Argentina. the continuum' (ECC) effect was assumed to be due to the long-range nature of the Coulomb electron-projectile interaction in the final state. A similar cusp-shaped peak was also observed at small electron velocities. This so-called soft-collision peak is due to the Coulomb interaction between the emitted electron and the residual target ion. Both structures have been the centre of a large amount of experimental and theoretical research during the last three decades. More recently, the unexpected observation of cusp electrons in coincidence with neutral H and He projectiles (Sarkadi et al 1989) provoked a renewed wave of interest in the subject (see, for example, the review paper by Barrachina (1997) ).
In this paper we analyse under which circumstances similar cusp structures would appear in other three-body continuum states. In nuclear, atomic and molecular physics there exists a large number of processes which lead to a final state with three particles in the continuum. Besides the ionization of atoms by the impact of energetic projectiles, similar three-body final states might appear, for instance, in a proton-deuteron collision at a centre-of-mass energy of more than 2.22 MeV, or in a breakup process in molecular scattering. Apart from its intimate link with these collision processes, a three-particle continuum system has a further attribute which contributes to its appeal, because its apparent simplicity conceals the complexity of its solution. In fact, it is complicated enough to yield no exact classical or quantum mechanical solution.
The single-particle momentum distributions of a three-body continuum are related among themselves by the dynamic constraints imposed by energy and momentum conservation. For instance, in ion-atom collisions, the distribution of the longitudinal momentum of the recoil ion in the laboratory frame can be deduced from the ionization cross section differential in the modulus of the relative electron-projectile momentum (Rodríguez et al 1995) . In particular, there exists a threshold in the longitudinal recoil-ion momentum (RIM), which is associated with the ECC cusp in the electron momentum distribution (Rodríguez et al 1995, Rodríguez and . Another straightforward example of these relations among different momentum distributions is provided by a measurement by Schulz et al (1996) of the ionization cross section doubly differential in the projectile energy loss and scattering angle. Both the experimental data of Schulz et al (1996) and the CDW-EIS calculation of Rodríguez and Barrachina (1998) show a distinctive shoulder at an energy around E e = mv 2 /2, where v is the projectile velocity and m is the electron mass. This energy corresponds to electrons moving at the same velocity as the projectile. Thus, this double differential cross section associated with the projectile shows a clear fingerprint of the ECC structure already observed in the electron spectroscopy experiments.
These examples from ionization processes in ion-atom collisions only represent particular cases of a deeper and more general structure. In a previous work, C3 theoretical calculations of the electron cusp in triple-and double-differential cross sections by proton and positron impact were presented (Fiol et al 2001) . On the other hand, in the present paper we analyse the appearance of cusp structures in any single-particle momentum distribution for different final-state interactions (FSI) between the particles. In this sense, the results of our previous paper can be regarded as particular cases of the more general results presented in this one. Furthermore, we demonstrate that these conspicuous structures are related to the kinematical threshold in the momentum distribution of another of the three particles in the final state.
In order to analyse the appearance of cusp structures in the three possible single-particle momentum distributions, we need some additional information on the momentum dependence of the cusp itself. To this end we employ the FSI theory of cusp formation (Barrachina 1997 ). This approach is only related to the analytic properties at zero energy of a regular two-body scattering wavefunction, i.e. to an elastic two-body scattering at extremely low energies. Thus it will help us to study the problem under very general grounds. We will show that it is possible to identify some general properties of the cusp structures, even without a complete knowledge of the FSI.
The paper is organized as follows. In the next section, the kinematics of three particles in the continuum is described. We study the relation between the three pairs of Jacobi coordinates and the final momenta of the three fragments. The description of the different systems of coordinates has been carried out in some detail in a recent paper (Fiol et al 2001) . However, since the kinematics of the problem is a key point in the development of this work, a slightly more complete presentation is made in the next section. In section 3, the kinematic thresholds in all the possible Jacobi coordinates are considered. The general momentum dependence at the cusp is evaluated by means of the FSI theory, showing that the asymptotic behaviours of the interactions in the final-state dominate the momentum distribution at the cusps and at the kinematical thresholds. Finally, we discuss the appearance of these cusp effects in different processes leading to three-body continuum states.
Three-body kinematics
In the centre-of-mass reference system, a three-body problem can be described by any of three possible sets of Jacobi coordinates
as shown in figure 1. Here we have chosen a notation that is standard in the analysis of a single ionization collision where m, T and P are the emitted electron, the (recoil) target fragment of mass M T and the projectile of mass M P , respectively (Macek and Shakeshaft 1980) . This customary choice is equally suited for the analysis of any other process with three continuum particles in the final state. r T , r P and R N are the position vectors of the particle of mass m relative to the particles T , P and the centre of mass of T + P , respectively. R P is the position vector of the centre of mass of m + P relative to T ; and r N and R T are the coordinates of P relative to T and the centre of mass of m + T , respectively. These pairs of Jacobi coordinates separate the free Hamiltonian in the centre-of-mass reference frame (atomic units are used throughout)
with j = T , P or N . Here we have defined the reduced masses of each two-and three-body system:
The Jacobi coordinates are related by x j = M j x , for j, = T , P or N , with
The moduli of the coefficients of these matrices can be generally written as
For future reference, we also include the following relations:
In momentum space, the system is described by the associated pairs
where the superscript t indicates the transposition of the matrix elements. By momentum conservation K P = K T + K N . The kinetic energy of the three-body system can be written in terms of any of these Jacobi pairs (j = T , P or N ), namely k 2 j /2m j + K 2 j /2µ j . In a quantum-mechanical approach the Jacobi momenta are described by the operators k j = −i∇ r j and K j = −i∇ R j . When working with the three-body Schrödinger equation, it is useful to write the Hamiltonian in terms of different coordinates. For instance, using the prescription of transformation of momenta in equation (1), it is straightforward to show that the kinetic energy operator can be written as (Crothers and Dubé 1993) 
Let us now define k, K R and K as the final momenta of the particles of mass m, M T and M P , respectively, in any given (laboratory) reference frame. They can be written in terms of the Jacobi impulses
where v CM is the velocity of the centre of mass. These three momenta are related by momentum conservation k +K R +K = Mv CM with M = m+M P +M T . The final momentum distribution of the three-body continuum can be written in terms of any pair of Jacobi impulses (j = T , P or N):
and T is the transition matrix element for the process that leads to the three-body continuum state. As already mentioned, one important example of this kind of process is the ionization of a target T + e by the impact of a projectile P . In this case, the distribution P and the transition matrix T are related to the cross section σ and the usual matrix element t if between the initial and final states. For these particular reactions, the above relation is (Fiol et al 2001) dσ
where the velocity of the centre of mass in the laboratory reference system is related to the initial projectile velocity v as
Closely related to the ionization collision is the double atomic photoionization process. In this case m and M P refer to the electrons in the final state while M T denotes the target nucleus mass. The cross section by impact of photons of energy E ν is related to the amplitude
where the perturbation in the standard dipolar approximation can be equivalently written as
in the velocity and length gauges, respectively (see, for instance, Le Rouzo and Dal Cappello (1991) and Maulbetsch et al (1995) ). In this case, the factor of proportionality in (4) is given by λ = 4π 2 /c E ν , where c is the velocity of light. Another process where the present theory is applicable is the β β nuclear decay. In this case, rather than for a cross section, the distribution P accounts for the rate of emission of two electrons (double β − ) or positrons (double β + ) (see, for instance, Grotz and Klapdor (1990) and Bockholt et al (1996) ). Although the double β decay is a extremely rare process, described by higher order approximations, it has gained renewed interest in relation to the neutrino's mass measurements. The point is that the generality of the standard final-state theory and the kinematics considerations used in this work make the present results suitable for application in a large variety of processes. Thus, for instance, the same kind of calculations carried out for atomic processes could be equally employed either in nuclear decay or molecular fragmentation.
In a great deal of processes, it is reasonable to assume that the motion of one of the particles remains undisturbed throughout the transition. For instance, in the fragmentation of a pair m + T (at rest in the laboratory frame) by the impact of a projectile P , it is usually assumed that the fragment T remains motionless whenever m M T . Additionally, if the projectile in a collision is sufficiently fast and heavy, its velocity K/M P remains close to its initial value v all along the collision. As a consequence, the momentum k of the particle of mass m is usually identified either with the Jacobi momentum k T , or with k P + mv. In particular, the single-particle momentum distribution dP/dk is assumed to be equal either to dP/dk T or dP/dk P . However, this is not generally valid for any mass configuration (Fiol et al 2001) . Only when the distribution of velocities of the P and T particles are sharply peaked are the dP/dk P and dP/dk T distributions useful concepts. One of the features of the present formulation is that we are not neglecting any of the masses m, M T or M P . In the present approach these parameters can be changed arbitrarily from very small to very large numbers in order to cope with any possible mass configuration. In fact, one of our objectives is to analyse how any given cusp structure in a single-particle momentum distribution changes when the mass configuration is modified.
FSI theory
The energy conservation law, E = k 2 j /2m j +K 2 j /2µ j , imposes severe limitations on the values that the impulses k j and K j can attain. Thus, K j reaches its maximum value
It is clear that the behaviours of the momentum distributions dP/dk j and dP/dK j in this limit have to be connected. This means, for instance, that in an ionization ion-atom collision, the K R dependence of dP/dK R at its kinematic threshold is governed by the structure of the ECC cusp in dP/dk P . Strangely enough, this simple relation had been overlooked in previous studies of cusp formation or threshold effects until recently, when it was put into evidence by Rodríguez et al (1995) .
Here we want to analyse these threshold and cusp structures under very general grounds. To this end we use the FSI theory of cusp formation (Barrachina 1997) . We consider a situation where the relative momentum k j of two particles in the final state is very small. In this case the FSI theory indicates that, under suitable but very general conditions (Gillespie 1964 , Taylor 1972 , the transition matrix element can be written in the following way (Barrachina 1997) :
Here f 0 (k j ) is the s-wave Jost function for the corresponding two-body elastic system andT can be approximated by the transition matrix element for the process of interest in the absence of this two-body interaction in the final state. We note that this decomposition makes the FSI theory suitable for the study of processes ending up in a three-body state, beyond ionization collisions. The Jost function f (k j ) is defined by the r j → 0 limit of the normalized radial wavefunction ψ ,k j (r j ) for the two-body system:
.
The main advantage of this decomposition is that it decouples in a very simple way the FSI of any two particles in the continuum from the actual process leading to the three-body continuum. Note that, at this point, we are no longer concerned with how this particular final-state configuration is reached. For the analysis of the behaviour of the single-particle momentum distribution at lower order in k j , we are only interested in the analytic properties at zero energy of the regular two-body continuum wavefunctions through its s-wave Jost function. Now let us identify some general properties of the Jost function f 0 (k j ) in the limit k j → 0. Firstly, it can be shown that |f 0 (k j )| → 1 for k j → ∞ or if the two-body FSI V (r j ) vanishes (Taylor 1972) . Thus, the distortion produced on the momentum distribution by the Jost function is dominant for small values of the relative impulse k j . Secondly, |f 0 (k j )| 1 for any generally attractive interaction, and |f 0 (k j )| 1 for repulsive potentials. For a slowly decreasing potential with a long-range power-law 'tail' of the form V (r j ) ≈ −Z/r ν j with ν < 2, the distortion factor |f 0 (k j )| displays an exponential divergence when k j → 0 for a repulsive potential (Z < 0) and goes to zero as k 1/2 j in the case of an attractive interaction (Z > 0) (Barrachina 1997) . In particular, for a pure Coulomb interaction (ν = 1), the s-wave Jost function is given by
and, therefore, the momentum distribution is distorted by a factor
In the k j → 0 limit, it vanishes exponentially for Z < 0 and diverges as 1/k j for Z > 0. The divergence of 1/|f 0 (k j )| 2 for an attractive power-law 'tail' V (r j ) ≈ −Z/r ν j with ν < 2 is related to the fact that the discrete spectrum of the corresponding two-body system accumulates at zero energy. With the separation of the transition matrix in (5), the distribution in the Jacobi momentum K j of the third particle is
Thus, near the
Just below the fragmentation limit, i.e. with two particles in a highly excited bound state, the corresponding probability for the pair of particles with relative position r j to be bound into a highly excited s-wave state of energy ε n and quantum number n can be written as
Now, since k j /|f 0 (k j )| 2 is finite at this threshold, so is the energy distribution dP/d(K 2 j /2µ j ) and the following scaling rule is obtained:
In particular, for a FSI with an attractive Coulomb tail, we obtain the Jackson and Schiff (1953) scaling rule, P n ∝ 1/n 3 . In conclusion, for an attractive two-body interaction V (r j ) vanishing slower than −1/r 2 j at infinity, the two-body bound states accumulate at zero energy, and, by continuity across the fragmentation limit, the energy distribution dP/d(K 2 j /2µ j ) does not vanish at the kinematical threshold. On the other hand, for a short-range potential V (r j ), there is a completely different behaviour. Under very general conditions, the small-k j behaviour of the distortion factor 1/|f 0 (k j )| 2 shows a characteristic Lorentzian shape whose width is of the order of the inverse square power of the s-wave scattering length a o (Barrachina 1997 ). This factor a o is associated with the presence of a low-lying s-wave bound (a o > 0) or virtual (a o < 0) state of the potential V (r j ). Whenever the energy of this state is very close to zero, a o is large, and the distortion factor presents a sharp structure. In particular, in the case of a 'zero-energy resonance', a o is infinite and the distortion factor diverges as 1/k 2 j . These results are strictly valid for potentials that fall off at infinity faster than any power of 1/r j . In other cases, the Jost function might have a branch-point singularity, and some distortion of the previous Lorentzian shape might occur (Macri and Barrachina 2001) . Actually, except for some logarithmic distortion due to its long −α/2r 4 j tail, the distortion factor for the interaction of electrons with neutral polarizable systems would lead to this kind of Lorentzian shape for the factor 1/|f 0 (k j )| 2 . Let us consider, for instance, an e − + He system. The corresponding s-wave Jost function was recently evaluated on an absolute scale by Macri and Barrachina (1998) (Nesbet 1975 (Nesbet , 1979 . The distortion factor for the e − + He(2 3 S) system shows a much more moderate enhancement at low velocities which can be ascribed to the proximity of a 2 S resonance to the 2 3 S excitation threshold. In spite of being much smaller and broader than for the 2 1 S state, it still produces a sizable effect. Experimentally, such a pure 2 3 S He beam could be prepared by means of a collisional single-electron detachment process from an incoming He − beam in a pure (1s 2s 2p) 4 P o state (Báder et al 1996) . The corresponding final-state e − + He(2 3 S) interaction leads to the appearance of a sizable ECC structure with a Lorentzian shape in the ionization of atomic targets by He(2 3 S) projectiles. Similar structures could also be produced by other neutral polarizable systems (Barrachina 1990 (Barrachina , 1997 .
The e − + H interaction is an example of a limiting case between the short-range potentials and the power-law tails that we have just discussed. Owing to its degeneracy in , an excited state of a hydrogen atom can acquire a dipole momentum, producing an FSI with a dipolar 'tail' −Z/r 2 j . Whenever Z is large enough, it has an infinite discrete spectrum that accumulates at zero energy, and the distortion factor 1/|f 0 (k j )| 2 shows the same 1/k j diverging behaviour as for a long-range r −ν j attractive interaction with ν < 2, but influenced by a Gailitis and Damburg (1963) oscillatory term in log k j . Actually, many of the final-state channels converging to e − + H (n 2), for instance, the 1 S(K = 1), 1 P− and 1 D+ doubly excited states in Lin's classification (Lin 1986 ), have attractive potentials vanishing asymptotically as −Z/r 2 j with Z > 1/8 (Lin 1975, Liu and Starace 1989) . This analysis exhausts all the possible small-k j dependence for the distortion factor 1/|f 0 (k j )| 2 . They can be roughly classified into three groups: (i) a decay to zero for repulsive interactions, (ii) a 1/k j divergence for the case of potentials with long-range power-law tails − Z/r ν j with ν < 2, and (iii) a Lorentzian shape for other attractive short-range interactions, with some kind of distortion for power-law tails. A dipole tail −Z/r 2 j represents a limit between these two latter cases, depending on the constant Z. Now we are in the position of analysing how these different small-k j behaviours of the distortion factor 1/|f 0 (k j )| 2 would act on the distributions of the single-particle momenta k, K and K R . This is what we discuss in the following section.
Cusp formation
It is very well known that the small-k j behaviour of the distortion factor 1/|f 0 (k j )| 2 leaves some characteristic fingerprints on the momentum distribution of each particle in a three-body final state. The best known of these structures is the ECC cusp in the angle and energy distribution of the electrons emitted in ion-atom collisions (Salin 1969 , Crooks and Rudd 1970 , Macek 1970 . However, the emergence of this kind of cusp structures in single-particle momentum distributions is not as self-evident as one might suspect. For instance, a similar cusp structure is not observed for positron impact (Moxom et al (1992 (Moxom et al ( , 1996 , Sparrow and Olson (1994) , Fiol et al (2001) , see also figures 2 and 3 below). In fact, the small-k j sharp behaviour of dP/dk j would produce a similar structure in a given single-particle momentum distribution only for certain particular mass relations.
In this section we discuss on very general grounds the appearance of these kinds of structures. Recalling the relation between the momenta of the three outgoing particles in the laboratory frame and the corresponding Jacobi impulses in (3), we write the momentum distribution of each particle as dP dk
with k j given by energy conservation,
/µ j . Now we want to analyse dP/dK j in a situation where the system is close to a given threshold k → 0, with not necessarily equal to j . It is clear that this momentum distribution will contain a contribution from the k = 0 threshold only if the domain of integration onk j includes this particular point k = 0. It can be easily shown that this occurs only for
For j = , this equation gives the outermost boundary (i.e. K j → K max j ) of the single-particle momentum distribution dP/dK j , while for j = it defines the locus of any possible structure arising from the k = 0 threshold. For each dP/dK j , these three spheres are concentric and centred at v CM in velocity space. This latter result is trivially obtained from the previous equations relating the Jacobi and laboratory-framed impulses. We get
Thus, we conclude that any cusp structure in dP/dk at k = 0 produces a structure in the actual single-particle momentum distribution dP/dK j , as measured in the laboratory frame, that in principle would be spread along the surface of a sphere in momentum (or velocity) space, rather than be concentrated at a point. This is clearly seen in figure 2 for the electron momentum distribution in the ionization of helium by the impact of 870 eV positrons (v = 8 au), as a rather mild ECC structure along a circle centred at v CM ≈ 0 with radius
where ε is the initial internal energy of the target. Actually, a cusp structure is concentrated at one point in momentum space only for certain particular relations between the masses of the three particles in the final state. For instance, this would occur whenever the radius of the circle vanishes, i.e. for µ j − m ≈ 0. An example of this kind of situation occurs in the ionization of an atom by the impact of energetic positrons, where the projectile's momentum distribution displays an anticusp structure at the final positron's momentum K ≈ 0, due to the repulsive Coulomb interaction between the positron and the recoil ion (see (6) and the discussion below). For this particular case,
−8 , and the circle given by (9) collapses to a point. Figure 3 shows the dip produced in the positron momentum distribution for the same process as in figure 2. The presence of a kinematical threshold is clearly visible in figure 2 as a circle in momentum space centred at k = mv CM ≈ 0, and with radius √ 2µ N E. Beyond this circle, the momentum distribution is exactly zero.
The behaviour of momentum distribution in this limit is straightforwardly obtained from (7) and (8):
In figure 2, due to the repulsion between the positron and the target ion, the electron momentum distribution decreases exponentially as k approaches the threshold circle. The same strongly decreasing behaviour is observed in figure 4 for the RIM distribution in the ionization of helium by the impact of 100 keV antiprotons. On the other hand, as predicted earlier by Rodríguez et al (1995) , this cross section approaches a constant, non-null, value at the kinematical threshold for proton impact. All these kinematical thresholds are related to low lying continuum states of the other two particles, which explains why this kind of effect can be properly described in terms of a simple two-body interaction mechanism, in this case of the projectile with the target ion or the electron, respectively. On the contrary, a proper theoretical description of its angular dependence is a much tougher endeavour, because it would require the analysis of the transition process itself. However, our FSI description, as stated in the factorization of the single-particle momentum distribution (7), is independent of how this continuum final state is reached.
It is worth noting that the shape of a single-particle momentum distribution, in its kinematical limit, depends on the final-state interaction between the other two fragments, but is not straightforwardly related to the momentum distribution of any one of them. For instance the electron momentum distribution dσ/dk is not a given function of either the projectile dσ/dK or the recoil-ion dσ/dK R momentum distributions. Previous derivations of the RIM discontinuity at the kinematical threshold have been based on the divergence of the ECC cusp in the electron momentum distribution and on the proportionality between electron and recoil momentum distributions, valid for heavy projectiles (Rodríguez et al 1995, Rodríguez and . However, equation (7) shows that this discontinuity would be present even for positron impact, where the electron momentum distribution does not present a singular ECC structure (figure 2).
While the kinematical threshold of the emitted electron is clearly visible in figure 2 , it is out of reach in ion-atom and atom-atom collisions due to the much smaller mass of the electron in comparison with those of its other collision partners. However, it is important to note that this case represents not the rule, but the exception. A simple calculation shows that the velocity v m of the particle of mass m is limited to the following region in velocity space:
In figure 5 we see that the coefficient √ µ N µ T /m is large only when the reduced masses α = M T /(m + M T ) and β = M P /(m + M P ) are both close to unity. This represents a particular mass configuration, where one particle in the target is much lighter that its other two collision partners. In any other situation, the threshold limit is reached within a reasonable range of velocities. This is also obviously true for the projectile in any configuration of masses. Actually, its final velocity v P remains within the region
. Now, let us consider the momentum distribution dP/dK j of any of the particles of a target m + T fragmented by the collision of a projectile P (i.e. j = T ). We are interested in analysing which kind of structures would appear due to the presence of a cusp in dP/dk at k = 0, with = j . Thus, we apply the FSI theory to write the momentum distribution in the proximity of the sphere K j = 2(µ j − m )E in the following way:
where f 0 (k ) is the s-wave Jost function for the two-body system of relative momentum k . Some simple algebra shows that, for j = T and j = :
Now, for any energetic collision, the transition matrix elementT is strongly peaked at the smallest accessible value of the momentum transfer M P v − K. Thus, whenever the masses of the three particles in the final state are such that M so that dP dK j ≈ |f 0 (|M
We see that this situation might occur in only two different cases: first, whenever the masses of both fragments in the target are very different. For instance, for j = N and = T , the previous approximation is valid when m M T , and the momentum distribution of the particle of mass m would display a cusp structure at k = 0:
This so-called soft-collision peak is related to the interaction of the particle of mass m with the other recoiling target fragment of much larger mass M T . In the collision, the momentum transferred from the projectile to the target is barely enough to reach a small energy continuum state. Since m M T , the particle of larger mass practically remains at rest while the other gets all the movement. Thus its single-particle momentum distribution displays a cusp structure at zero velocity in the laboratory frame, as shown in figure 2. If both target fragments were of comparable masses, the soft-collision peak would be spread to a great extent in angle and energy.
The peaking approximation would also be valid whenever the mass of any (or both) target fragment is much smaller than that of the projectile. For instance, for j = N and = P , the approximation is valid whenever m M P . In this case, the momentum distribution of the particle of mass m displays a cusp structure:
at k = mv. Due to the much larger mass of the projectile, the fragmentation of the target can be achieved with a relatively small transfer of momentum. Thus, the projectile follows an almost undisturbed trajectory, and the velocity distribution of the ejected particle of mass m displays a cusp structure at the projectile initial velocity v. It is said that the particle of mass m is captured to a continuum state of the projectile. Whenever the projectile and the emitted target fragment have comparable masses, there is no single direction where particles ejected with the same velocity may be looked for, and the peak would be spread along the surface of the K 2 j = 2(µ j − m )E sphere. The conditions that lead to expressions (12) and (13) for the electronic momentum distribution are readily verified in fast ion-atom collisions. Thus it is not strange that both approximations represent standard results in many theoretical models (see, for instance, Stolterfoht et al (1997) ). In these cases the electron momentum distribution mimics the distortion factor and presents a cusp-like structure in the case of attractive interactions with a long-range power-law tail V (r j ) → −Z/r ν j , with 1 ν < 2 (j = P or T ). This is the case in the well known soft-collision and ECC and electron loss to the continuum (ELC) peaks for electron-target or electron-projectile Coulomb potentials (ν = 1), respectively. On the other hand, a deep anticusp would be formed if any of these interactions is repulsive. As discussed in a previous section, when the interactions are of short range the electron momentum distribution would display a Lorentzian peak, which could become a sharp 1/k 2 or 1/|k − mv| 2 cusp when a 'zero-energy resonance' occurs (Barrachina 1990 (Barrachina , 1997 .
The peaking approximation in (11) might be valid for not so small values of the argument of the Jost function. Obviously, when K j is very close to the k = 0 threshold sphere, the distortion factor might increase sharply for attractive long-range power-law interactions or in a zero-energy resonance situation. In particular, the peaking approximation will not be valid out of the forward direction due to the low rate of change of |T | compared with the sharp behaviour of the factor 1/|f 0 (k )|. In this case, for K j very close to the sphere K 2 j = 2(µ j − m )E, it might be possible to replace |T | by its value at threshold, i.e. fork j = −sg(M 21 j /M 11 j )K j , and extract it from the integral ink j :
where, as before,
/µ j by energy conservation. Thus, we see that the momentum distribution dP/dk does not exhibit divergences for any asymptotic behaviour of the involved interaction, although its distortion factor does. This is what happens, for instance, in the ionization of helium by positron impact, as displayed in figure 2. The contribution of the ECC peak is not concentrated on a point in momentum space, as in the case of proton impact, but spread on the surface of a sphere. This is clearly observable in figure 6 , where the electron momentum distribution in the single ionization of helium 3 by 870 eV positrons is compared with that of 1.6 MeV proton impact in the region where the electron velocity coincides with that of the projectile.
SinceT is a smoothly varying function of k, this same analysis is also valid for the description of an ECC structure ( = P ) in the projectile momentum distribution (j = T ) for ion-atom ionization collisions. Thus this distribution does not present a peak but a smooth shoulder in the forward direction. This expectation is in good agreement with recent experimental and theoretical results after translation to the projectile energy loss and scattering angle cross section (Schulz et al 1996, Rodríguez and . This approximate expression also applies to the case of the electron momentum distribution (j = N ) at the k T = 0 threshold in ion-atom ionization collisions. As argued earlier, the great mass asymmetry between the two particles in the target concentrates the final velocity distribution of the recoil in the vicinity of the origin. This behaviour is not contained in the distortion factor but in the reduced matrix. Thus, echoing the earlier reasoning, we obtain similar results: an electron momentum distribution that apes the behaviour of the distortion factor for k ≈ 0 and a smooth momentum distribution for k on the sphere:
but with k = 0.
Conclusions
In this paper we have presented an unified and general description of the appearance of cusp structures in single-particle momentum distributions for processes leading to three-body continuum states. We identified some of their properties by means of an FSI theory, and discussed under which circumstances these structures are produced. It should be noted that our analysis was based only on the nature of the interaction between a pair of fragments in the final state and on some weak assumptions about the general dependence of the transition matrix element on the transferred impulse. For this reason our conclusions are independent of the particles involved and of the mechanisms that lead to the three-body continuum. This generality allowed us to apply this reasoning to account for any single-particle momentum distribution for every small-k j final state, providing general expressions that any theoretical description has to fulfil. We exemplified these results by analysing the formation of the ECC and soft-collision cusps in the ionization of atoms by proton and positron impact, analysing how these structures change with the relative mass ratios of the particles in the final state. In particular we explained how the striking ECC cusp in ion-atom collisions changes into a barely visible structure for positron impact. The present paper predicts a discontinuity in the RIM distribution for positron-atom ionization collisions, similar to the one observed in the case of proton impact. This result, obtained from the general treatment developed in this work, is not evident from previous results for heavy projectiles.
